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- Day 1

1 Let X be ainvertible matrix with columns X, X5..., X,,. Let Y be a matrix with columns X5, X3, ..., X,,, 0.
Show that the matrices A = Y X! and B = XY have rank n — 1 and have only 0s for eigen-
values.

2 Let f be a continuous function on [0, 1] such that for every = € [0, 1],
we have [ f(t)dt > 15 (t)%dt > &.

3 Let f be twice continuously differentiable on (0, o0) such thatlim, o+ f'(z) = —ocoand lim,_,g+ f”(x) =

oo. Show that
flx)

I -
a0+ f/(x)

4 Let F': (1,00) — R be the function defined by

Show that F is injective and find the set of values of F.

5 Let A and B bereal nxn matrices. Assume there exist n+1 different real numbers ¢, to, ..., ;11
such that the matrices
Ci=A+tB,i=1,2,....,n+1

are nilpotent. Show that both A and B are nilpotent.

6 Let p > 1. Show that there exists a constant K, > 0 such that for every z,y € R
with |z|P + |y|P = 2, we have
(= y)* < Kp(4 = (x +y)?).

- Day 2

7 Let A be a 3 x 3 real matrix such that the vectors Au and « are orthogonal for
every column vector v € R3. Prove that:
a) AT = —A.
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b) there exists a vector v € R? such that Au = v x u for every u € R?,
where v x u denotes the vector product in R3.

8 Let (b,)nen be a sequence of positive real numbers such that by = 1,6, = 2 + /b,—1 —

24/1+ /b,_1. Calculate N
ZbHQ”.
n=1

9 Let all roots of an n-th degree polynomial P(z) with complex coefficients lie on the unit circle
in the complex plane. Prove that all roots of the polynomial

22P'(2) — nP(z)

lie on the same circle.

10 a) Prove that for every ¢ > 0 there is a positive integer n and real
numbers Ay, ..., \, such that

max |z — Z)\kx2k+1| <e.
z€[-1,1] =

b) Prove that for every odd continuous function f on [—1,1] and for every ¢ > 0 there is a

positive integer n and real numbers pq, ..., 1, such that
II[1alxl]| Zﬂkx2k+1| <e.
k=1

11 a) Prove that every function of the form
f(x)=—+cos —i—Zancos nx)

with |ag| < 1 has positive as well as negative values in the period [0, 27).
b) Prove that the function
3
= Z cos(nzx
n=1

has at least 40 zeroes in the interval (0, 1000).
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12 Suppose that (f,,)5° , is a sequence of continuous functions on the interval [0, 1] such that

1 1 ifn=m
/Ofm(:c)fn(:v)dx:{o if n #m

and sup{|fn(z)| : z € [0,1]andn =1,2,...} < 0.
Show that there exists no subsequence (f,, ) of (f,,) such that limj_,~ f, (z) exist
forall z € [0, 1].
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