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- 1st Grade

Problem 1 Find all real solutions of the system of equations

2=y =2z +yz+x+y),

y? — 22 =2yx+ 2z +y+ 2),
22— 2 =20y +ay+z+x).

Problem 2 Prove that the medians from the vertices A and B of a triangle ABC are orthogonal if and
only if BC? + AC? = 5AB2.

Problem 3 Prove that for any three real numbers z, y, ~ the following inequality holds:

lz| + |yl + |zl = |z +yl—ly+ 2| —|z+ 2|+ |z +y+2]>0.

Problem 4 The sequence 1,2,3,4,0,9,6,9,4,8,7,... is formed so that each term, starting from the
fifth, is the units digit of the sum of the previous four.
(a) Do the digits 2,0, 0,4 occur in the sequence in this order?
(b) Will the initial digits 1,2, 3, 4 ever occur again in this order?

- 2nd Grade

Problem 1 Parts of a pentagon have areas z, y, 2 as shown in the picture. Given the area z, find the
areas y and z and the area of the entire pentagon.
https://services.artofproblemsolving.com/download.php?id=YXROYWNobWVudHMv0OS9mLzM5N jNjNDcy
=\&rn=U2NyZWVuIFNob3QgM;jAyMSOuNCOwOCBhdCAOL jMwL jU1IFBNLnBuZw

Problem 2 If a, b, c are positive numbers, prove the inequality

a? b2 2
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Problem 3 The sequence (p,),en is defined by p; = 2 and, for n > 2, p,, is the largest prime factor of
p1p2 - Pn_1 + 1. Show that p, # 5 for all n.

Problem 4 A frog jumps on the coordinate lattice, starting from the point (1, 1), according to the fol-
lowing rules:

(i) From point (a, b) the frog can jump to either (2a,b) or (a, 2b);

(ii) If @ > b, the frog can also jump from (a, b) to (a — b, b), while for a < b it can jump from (a, b)
to (a,b— a).

Can the frog get to the point: (a) (24, 40); (b) (40, 60); (c) (24, 60); (d) (200,4)?

- 3rd Grade

Problem 1 Let ABCD be a square and P be a point on the shorter arc AB of the circumcircle of the
square. Which values can the expression 4227 take?

Problem 2 If a, b, c are the sides and a, 3, v the corresponding angles of a triangle, prove the inequality

cos o n cos 3 n cosy 3
a3 b3 3 T 2abc

Problem 3 The altitudes of a tetrahedron meet at a single point. Prove that this point, the centroid of
one face of the tetrahedron, the foot of the altitude on that face, and the three points dividing
the other three altitudes in ratio 2 : 1 (closer to the feet) all lie on a sphere.

Problem 4 Finitely many cells of an infinite square board are colored black. Prove that one can choose
finitely many squares in the plane of the board so that the following conditions are satisfied:

(i) The interiors of any two different squares are disjoint;
(i) Each black cell lies in one of these squares;
(iii) In each of these squares, the black cells cover at least £ and at most % of the area of that

square.
- 4th Grade
Problem 1 Let zy,...,2, and wy,...,w, (n € N) be complex numbers such that
le121 4 ... + enzn| < leqwy + ... + eqwy)]
holds for every choice of €1, ..., ¢, € {—1,1}. Prove that

1212+ |zl < Jwi 2+ .+ |wal?
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Problem 2 Points P and @ inside a triangle ABC with sides «a, b, c and the corresponding angle o, 3,y
satisfy /BPC = /CPA = ZAPB = 120° and ZBQC = 60° + o, ZCQA = 60° + 3, LZAQB =
60° + ~. Prove the equality

(AP + BP + CP)?- AQ - BQ - CQ = (abc)?.

Problem 3 The sequences (z,,), (y»), (2n),n € N, are defined by the relations

- 2z, y 2yn, ; 2z,
1= 5 7 | e w— 1= 5 7
n+ l‘%—l’ n+ y%—l’ n-+ Z?L_1’

where z; = 2, y1 =4, and r1Y121 = 1 + Y1 + 21.
(a) Show that z2 # 1,y2 # 1, 22 # 1 forall n;
(b) Does there exist a k € N for which z;, + yi + 2. = 0?

Problem 4 Determine all real numbers o with the property that all numbers in the sequence cos o, cos 2a, cos 2%a, .
are negative.
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