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- Day |
1 Let n be a positive integer. Find all real numbers z1, zs, ..., z,, such that
o 2 2 3 " 2
[+ (k+ 2z + K +k+1) = <Z> (n!)
k=1
2 For any positive integer n, let a,, be the number of pairs (z, ) of integers satisfying |22 —y?| = n.
(a) Find 1432 and 1433
(b) Find a,, .
3 In an acute triangle ABC the angle bisector AL, L € BC, intersects its circumcircle at N. Let K

and M be the projections of L onto sides AB and AC. Prove that triangle ABC and quadrilateral
AK N M have equal areas.

4 Consider a non-zero real number a such that {a} + {1} = 1, where {z} denotes the fractional
part of z. Prove that for any positive integer n, {a"} + { X} = 1.

- Day Il
1 Find all polynomials P with real coefficients such that for all z,y, z € R,
P(z)+Py)+ P(z) + Plx+y+z2)=Pl@+y)+ Ply+2)+ Pz + )
2 For each positive integer n let the set A,, consist of all numbers +1 4+ 2 + ... + n. For example,

Ay ={-1,1}, A, ={-3,-1,1,3}, A3 = {—6,—4,-2,0,2,4,6}.

Find the number of elements in 4,, .

3 Let a, b, c be positive real numbers. Prove that
1 1 + 1 < a+b+c
a—l—b—i—abc b—l—c—l—abc—i—l c+a+abc+1 a+b+c+1
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4 Let ABC be a triangle with circumcenter O. Points P and @ are interior to sides CA and AB,
respectively. Circle w passes through the midpoints of segments BP, CQ, PQ. Prove that if line
PQ is tangent to circle w, then OP = 0Q.

- Day llI

1 Let ABCD be a square of center O. The parallel to AD through O intersects AB and CD at M
and N and a parallel to AB intersects diagonal AC at P. Prove that

MN

4
5 ) = MP?. NP?

OP4+(

2 Let n be a positive integer. Prove that all roots of the equation
z(z+2)(z+4)..(z+2n)+(z+1)(z+3)...(x+2n—-1)=0

are real and irrational.

3 Let ABCDE be a convex pentagon such that /BAC = ZCAD = /DAFE and ZABC =
/ACD = Z/ADE. Diagonals BD and CE meet at P. Prove that AP bisects side C'D.

4 Let (F,)n>, be the sequence of Fibonacci numbers: Fy = 0, F; = 1 and F, ;o = F,+1 + F, , for
every n > 0.
Prove that for any prime p > 3, p divides F, — F, .

- Day IV

1 Prove that for any positive integer n there is an equiangular hexagon whose sidelengths are
n+1,n+2,...,n -+ 6in some order.

2 Let ay, a9, ..., a, be real numbers such that a; + as + ... + a, = 0and |a;| + |az| + ... + |a,| = 1.

Prove that 1
la1 4+ 2ag + ... + na,| < nT

3 Consider a triangle ABC. Let A; be the symmetric point of A with respect to the line BC, B;
the symmetric point of B with respect to the line C'A4, and C; the symmetric point of C' with
respect to the line AB. Determine the possible set of angles of triangle ABC for which A, B;C}
is equilateral.

© 2021 AoPS Incorporated 2



AoPS Community 2011 Saudi Arabia BMO TST

#1

4 Letp > 3 be aprime. Forj = 1,2,...,p — 1, let r; be the remainder when the integer is
divided by p.
Prove that 41
r42ra+ ..+ (p—1rp1 = pT( mod p)
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