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- Algebra and Number Theory

1 Compute the sum of all positive integers n for which the expression
n+7
vn—1
is an integer.
2 Compute the number of ordered pairs of integers (a,b), with 2 < a,b < 2021, that satisfy the
equation

alogb(a_4) — bloga(ba_3)'

3 Among all polynomials P(z) with integer coefficients for which P(—10) = 145 and P(9) = 164,
compute the smallest possible value of | P(0)].

4 Suppose that P(z,y, z) is a homogeneous degree 4 polynomial in three variables such that
P(a,b,c) = P(b,c,a)and P(a,a,b) = 0forallreal a,b,and c. If P(1,2,3) = 1, compute P(2,4,38).

Note: P(z,y, z) is a homogeneous degree 4 polynomial if it satisfies P(ka, kb, kc) = k* P(a, b, c)
forallreal k, a, b, c.

5 Let n be the product of the first 10 primes, and let
S=Y o)y
zy|n

where p(z) denotes the number of positive integers less than or equal to x that are relatively
prime to z, and the sum is taken over ordered pairs (z, y) of positive integers for which zy divides
n. Compute 2.

6 Suppose that m and n are positive integers with m < n such that the interval [m,n) contains
more multiples of 2021 than multiples of 2000. Compute the maximum possible value of n — m.

7 Suppose that z, y, and z are complex numbers of equal magnitude that satisfy

x—l—y—l—z:—\/?g—i\/g
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and

Yz = V3 +iV5.

If 2 = 21 + iz, y = y1 + iyo, and z = 21 + 129 forreal z1, z2, y1, y2, 21 and z, then

(x12 + Y192 + 2122)2

can be written as 3 for relatively prime positive integers a and b. Compute 100a + b.

8 For positive integers a and b, let M(a,b) = :CFSEZ:Z;, and for each positive integer n > 2, define
Ty =M1, M2,M@3,...,M(n—2,M(n—1,n))---))).

Compute the number of positive integers n suchthat2 < n < 2021 and 522 +5z2 | = 262,241

9 Let f be a monic cubic polynomial satisfying f(x) + f(—z) = 0 for all real numbers z. For
all real numbers y, define g(y) to be the number of distinct real solutions x to the equation
f(f(z)) = y. Suppose that the set of possible values of g(y) over all real numbers y is exactly
{1,5,9}. Compute the sum of all possible values of f(10).

10 Let S be a set of positive integers satisfying the following two conditions:
* For each positive integer n, at least one of n,2n,...,100nisin S.
* If a1,a9,b1,be are positive integers such that ged(ajag, bibs) = 1 and aiby,a2b2 € S, then
aghi,a1bg € S.
Suppose that S has natural density r. Compute the minimum possible value of [10°].
Note: S has natural density r if %|S N1,...,n|approaches r as n approaches oc.

- Combinatorics

1 Leo the fox has a 5 by 5 checkerboard grid with alternating red and black squares. He fills in the
grid with the numbers 1,2,3,...,25 such that any two consecutive numbers are in adjacent
squares
(sharing a side) and each number is used exactly once. He then computes the sum of the num-
bers in
the 13 squares that are the same color as the center square. Compute the maximum possible
sum Leo
can obtain.

2 Ava and Tiffany participate in a knockout tournament consisting of a total of 32 players. In each

of 5 rounds, the remaining players are paired uniformly at random. In each pair, both players are
equally likely to win, and the loser is knocked out of the tournament. The probability that Ava and
Tiffany play each other during the tournament is #, where a and b are relatively prime positive
integers. Compute 100a + b.
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Let N be a positive integer. Brothers Michael and Kylo each select a positive integer less than
or equal to N, independently and uniformly at random. Let p5 denote the probability that the
product of these two integers has a units digit of 0. The maximum possible value of px over all
possible choices of N can be written as ¢, where a and b are relatively prime positive integers.
Compute 100a + b.

Let S = {1,2,...,9}. Compute the number of functions f : S — S such that, for all s €
S, f(f(f(s))) = sand f(s) — s is not divisible by 3.

Teresa the bunny has a fair 8-sided die. Seven of its sides have fixed labels 1,2, --- , 7, and the
label on the eighth side can be changed and begins as 1. She rolls it several times, until each of
1,2,...,7 appears at least once. After each roll, if k is the smallest positive integer that she has
not rolled so far, she relabels the eighth side with k. The probability that 7 is the last number she
rolls is ¢, where a and b are relatively prime positive integers. Compute 100a + b.

A light pulse starts at a corner of a reflective square. It bounces around inside the square, re-
flecting off of the square’s perimeter n times before ending in a different corner. The path of
the light pulse, when traced, divides the square into exactly 2021 regions. Compute the smallest
possible value of n.

Let S ={1,2,...,2021}, and let F denote the set of functions f : S — S. For a function f € F,
let
Ty = {f2%'(s) : s € S},

where f2921(s) denotes f(f(--- (f(s))---)) with 2021 copies of f. Compute the remainder when

> 1Tyl

fer

is divided by the prime 2017, where the sum is over all functions f in F.

Compute the number of ways to fill each cell in a 8 x 8 square grid with one of the letters H, M,
or T such that every 2 x 2 square in the grid contains the letters H, M, M, T in some order.

An up-right path between two lattice points P and Q is a path from P to @ that takes steps of
length 1 unit either up or to the right.

How many up-right paths from (0, 0) to (7, 7), when drawn in the plane with the line y = x—2.021,
enclose exactly one bounded region below that line?

10

Jude repeatedly flips a coin. If he has already flipped n heads, the coin lands heads with proba-
bility %H and tails with probability % If Jude continues flipping forever, let p be the probability
that he flips 3 heads in a row at some point. Compute |180p].
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Geometry

A circle contains the points (0,11) and (0, —11) on its circumference and contains all points
(z,y) with 22 + y? < 1inits interior. Compute the largest possible radius of the circle.

Let X, be the interior of a triangle with side lengths 3, 4, and 5. For all positive integers n, define
X, to be the set of points within 1 unit of some point in X,,_;. The area of the region outside
Xoo but inside X5; can be written as ar + b, for integers a and b. Compute 100a + b.

Triangle ABC has aright angle at C, and D is the foot of the altitude from C'to AB. Points L, M,
and N are the midpoints of segments AD, DC, and C A, respectively. If CL =7and BM = 12,
compute BN?2.

Let ABCD be a trapezoid with AB || CD,AB = 5,BC = 9,CD = 10, and DA = 7. Lines BC
and DA intersect at point E. Let M be the midpoint of C'D, and let N be the intersection of the
circumcircles of ABMC and ADM A (other than M). If EN? = ¢ for relatively prime positive
integers a and b, compute 100a + b.

Let AEF be a triangle with EF = 20 and AE = AF = 21. Let B and D be points chosen on
segments AE and AF, respectively, such that BD is parallel to EF. Point C is chosen in the
interior of triangle AEF such that ABCD is cyclic. If BC = 3 and CD = 4, then the ratio of

areas [L7) can be written as ¢ for relatively prime positive integers a, b. Compute 100a + b.

In triangle ABC, let M be the midpoint of BC, H be the orthocenter, and O be the circumcenter.
Let NV be the reflection of M over H. Suppose that OA = ON = 11 and OH = 7. Compute BC?.

Let O and A be two points in the plane with OA = 30, and let T" be a circle with center O and
radius r. Suppose that there exist two points B and C on I with ZABC = 90° and AB = BC.
Compute the minimum possible value of |r].

Two circles with radii 71 and 100 are externally tangent. Compute the largest possible area of a
right triangle whose vertices are each on at least one of the circles.

Let ABCD be a trapezoid with AB || CD and AD = BD. Let M be the midpoint of AB, and let
P # C be the second intersection of the circumcircle of ABC D and the diagonal AC. Suppose
that BC = 27,CD = 25,and AP = 10. If M P = ¢ for relatively prime positive integers a and b,
compute 100a + b.

10

Acute triangle ABC has circumcircle T'. Let M be the midpoint of BC. Points P and @ lieon T so
that ZAPM = 90° and @Q # A lies on line AM. Segments PQ and BC intersect at S. Suppose

that BS =1,CS = 3, PQ = &8,/ 3—77, and the radius of " is r. If the sum of all possible values of
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r% can be expressed as ¢ for relatively prime positive integers a and b, compute 100a + b.

- Team
1 Let a and b be positive integers with ¢ > b. Suppose that
\/ Va+ Vo + \/ Va— Vb
is an integer.

(a) Must \/a be an integer?
(b) Must v/b be an integer?

2 Let ABC be a right triangle with £ZA = 90°. A circle w centered on BC' is tangent to AB at D
and AC at E. Let F and G be the intersections of w and BC so that F lies between B and G. If
lines DG and E'F intersect at X, show that AX = AD.

3 Let m be a positive integer. Show that there exists a positive integer n such that each of the
2m + 1 integers
2" —m,2" —(m—1),...,2" +(m—1),2" +m

is positive and composite.

4 Let & and n be positive integers and let

S={(a1,...,a) €Z*|0<ap <---<ay; <n,a; + - +ap =n}

Determine, with proof, the value of
Z (") (“1> <ak1)
(a1,...,ar)€S “ @2 @

in terms of k£ and n, where the sum is over all k-tuplesin S.

5 A convex polyhedron has n faces that are all congruent triangles with angles 36°, 72°, and 72°.
Determine, with proof, the maximum possible value of n.

6 Let f(x) = 2? + = + 1. Determine, with proof, all positive integers n such that f(k) divides f(n)
whenever £ is a positive divisor of n.

7 In triangle ABC, let M be thmidpoin_t)of BC and D be a point on segment AM. Distinct points
Y and Z are chosen onrays C A and BA, respectively, suchthat /DY C = ZDCBand ZDBC =
/DZ B. Prove that the circumcircle of ADY Z is tangent to the circumcircle of ADBC.
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8

For each positive real number «, define
[aN] := {[am] | m € N}.
Let n be a positive integer. Aset S C {1,2,...,n} has the property that: for each real g > 0,
if S C |AN],then {1,2,...,n} C |ON].

Determine, with proof, the smallest positive size of S.

Let scalene triangle ABC have circumcenter O and incenter I. Its incircle w is tangent to sides
BC,CA, and AB at D, E, and F, respectively. Let P be the foot of the altitude from D to E'F,
and let line DP intersect w again at Q # D. The line OI intersects the altitude from A toBC at
T. Given that OI||BC, show that PQ) = PT.

10

Let n > 1 be a positive integer. Each unit square in an n x n grid of squares is colored either
black or white,
such that the following conditions hold:

e Any two black squares can be connected by a sequence of black squares where every two
consecutive squares in the sequence share an edge; e Any two white squares can be connected
by a sequence of white squares where every two consecutive squares in the sequence share an
edge; e Any 2 x 2 subgrid contains at least one square of each color.

Determine, with proof, the maximum possible difference between the number of black squares
and white squares in this grid (in terms of n).

O
<

f‘};? AoPSOnline &¥ AoPSAcademy @ AoPS Ssitm ©2022 AGPS Incorporated 6

Art of Problem Solving is an ACS WASC Accredited School.



