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1997 Let ABC be atriangle and let I be the incenter. Let N, M be the midpoints of the sides AB and
C A respectively. The lines BI and CI meet M N at K and L respectively. Prove that AT + BI +
Cl>BC+ KL.

Greece

1998 Let ABCDE be a convex pentagon such that AB = AE = CD =1, ZABC = ZDEA = 90°
and BC + DE = 1. Compute the area of the pentagon.

Greece

1999 Let ABC be a triangle with AB = AC. Also, let D € [BC] be a point such that BC > BD >
DC > 0, and let Cq,Cy be the circumcircles of the triangles ABD and ADC respectively. Let
BB’ and C'C’ be diameters in the two circles, and let M be the midpoint of B’C’. Prove that the
area of the triangle M BC is constant (i.e. it does not depend on the choice of the point D).

Greece

2000 A half-circle of diameter E'F is placed on the side BC of a triangle ABC and it is tangent to
the sides AB and AC in the points @ and P respectively. Prove that the intersection point K
between the lines EP and F'Q lies on the altitude from A of the triangle ABC.

Albania

2001 Let ABC be a triangle with ZC = 90° and CA # CB. Let CH be an altitude and C'L be an
interior angle bisector. Show that for X # C on the line C'L, we have /X AC # /X BC. Also
show that for Y # C on the line CH we have /Y AC # /Y BC.

Bulgaria

2001 Let ABC be an equilateral triangle and D, E points on the sides [AB] and [AC] respectively. If
DF, EF (with F € AE, G € AD) are the interior angle bisectors of the angles of the triangle
ADE, prove that the sum of the areas of the triangles DEF and DEG is at most equal with the
area of the triangle ABC. When does the equality hold?

Greece
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2002 The triangle ABC has CA = CB. P is a point on the circumcircle between A and B (and on the
opposite side of the line AB to C). D is the foot of the perpendicular from C to PB. Show that
PA+ PB=2-PD.

2002 Two circles with centers O, and O, meet at two points A and B such that the centers of the
circles are on opposite sides of the line AB. The lines BO, and BO, meet their respective cir-
cles again at By and Bs. Let M be the midpoint of B, B,. Let My, Ms be points on the circles of
centers O; and O respectively, such that ZAO, M, = ZAO-M,, and By lies on the minor arc
AM; while B lies on the minor arc AM,. Show that ZMMB = ZM M>B.

Ciprus

2003 Let D, E, F be the midpoints of the arcs BC, C A, AB on the circumcircle of a triangle ABC not
containing the points A, B, C, respectively. Let the line DE meets BC and C'A at G and H, and
let M be the midpoint of the segment GH. Let the line FD meet BC and AB at K and J, and
let N be the midpoint of the segment K J.

a) Find the angles of triangle DM N;

b) Prove that if P is the point of intersection of the lines AD and EF, then the circumcenter
of triangle DM N lies on the circumcircle of triangle PM N.

2004 Let ABC beanisosceles triangle with AC = BC, let M be the midpoint of its side AC,and let Z
be the line through C perpendicular to AB. The circle through the points B, C, and M intersects
the line Z at the points C and Q. Find the radius of the circumcircle of the triangle ABC in terms
of m = CQ.

2005 Let ABC be an acute-angled triangle inscribed in a circle k. It is given that the tangent from A
to the circle meets the line BC at point P. Let M be the midpoint of the line segment AP and R
be the second intersection point of the circle £k with the line BM. The line PR meets again the
circle k at point S different from R.

Prove that the lines AP and C'S are parallel.

2006 Thetriangle ABCisisosceleswith AB = AC,and Z/BAC < 60°. The points D and E are chosen
on the side AC such that, EB = ED,and ZABD = Z/CBE. Denote by O the intersection point
between the internal bisectors of the angles /BDC and ZAC B. Compute ZCOD.

2007 Let ABCD be a convex quadrilateral with /DAC = /BDC = 36°, /CBD = 18° and /BAC =
72°. The diagonals and intersect at point P . Determine the measure of ZAPD.

2008 The vertices A and B of an equilateral triangle ABC! lie on a circle k of radius 1, and the vertex
C is in the interior of the circle k. A point D, different from B, lies on k so that AD = AB. The

© 2022 AoPS Incorporated 2



AoPS Community JBMO Geometry Collection

line DC intersects k for the second time at point E. Find the length of the line segment CE.

2009 Let ABCDE be a convex pentagon such that AB+ CD = BC' + DFE and k a circle with center
on side AFE that touches the sides AB, BC, CD and DE at points P, Q, R and S (different from
vertices of the pentagon) respectively. Prove that lines PS and AFE are parallel.

2010 Let AL and BK be angle bisectors in the non-isosceles triangle ABC (L lies on the side BC, K
lies on the side AC). The perpendicular bisector of BK intersects the line AL at point M. Point
N lies on the line BK such that LN is parallel to M K. Prove that LN = N A.

2011 Let ABCD be a convex quadrilateral and points E and F' on sides AB, C'D such that
AB _ CD
AE — DF =M

If S'is the area of AEF D show that S < ABCD*”(”*;)TL‘QD%"QDA'BC

2012 Let the circles k1 and ks intersect at two points A and B, and let t be a common tangent of k;
and k- that touches k; and k5 at M and N respectively. If t 1 AM and M N = 2AM, evaluate
the angle NM B.

2013 Let ABC be an acute-angled triangle with AB < AC and let O be the centre of its circumcircle
w. Let D be a point on the line segment BC such that /BAD = ZCAO. Let E be the second
point of intersection of w and the line AD. If M, N and P are the midpoints of the line segments
BE, OD and AC, respectively, show that the points M, N and P are collinear.

2014 Consider an acute triangle ABC of area S. Let CD 1. AB (D € AB), DM 1. AC (M € AC) and
DN 1 BC (N € BC).Denote by H; and Hs the orthocentres of the triangles M N C, respectively
MND. Find the area of the quadrilateral AH, BH, in terms of S.

2015 Let ABC be an acute triangle.The lines I; and I; are perpendicular to AB at the points A and
B, respectively.The perpendicular lines from the midpoint M of AB to the lines AC and BC
intersect /; and I> at the points E and F, respectively.If D is the intersection point of the lines
EF and MC, prove that

/ADB = /ZEMF.

2016 A trapezoid ABCD (AB||CF,AB > CD) is circumscribed.The incircle of the triangle ABC
touches the lines AB and AC at the points M and N, respectively.Prove that the incenter of the
trapezoid ABCD lies on the line M N.

2017 Let ABC be an acute triangle such that AB # AC ,with circumcircle T'" and circumcenter O.
Let M be the midpoint of BC' and D be a point on T" such that AD | BC. let T be a point
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such that BDCT is a parallelogram and @ a point on the same side of BC' as A such that
ZBQM = /ZBCA and ZCQM = ZCBA. Let the line AO intersectT" at E (E # A) and let
the circumcircle of AETQ intersect I" at point X # E. Prove that the point A, M and X are
collinear.

2018 Let AABC and A',B’,C’ the symmetrics of vertex over opposite sides.The intersection of the
circumcircles of AABB’ and AACC" is A;.B; and C; are defined similarly.Prove that lines
AA,,BB; and CC] are concurent.

2019 Triangle ABC is such that AB < AC. The perpendicular bisector of side BC intersects lines
AB and AC at points P and @, respectively. Let H be the orthocentre of triangle ABC, and let
M and N be the midpoints of segments BC and PQ), respectively. Prove that lines HM and AN
meet on the circumcircle of ABC.

2020 Let AABC bearight-angled triangle with /BAC = 90° and let E be the foot of the perpendicular
from Ato BC. Let Z # A be a point on the line AB with AB = BZ. Let (c¢) be the circumcircle
of the triangle AAEZ. Let D be the second point of intersection of (¢) with ZC and let F' be the
antidiametric point of D with respect to (¢). Let P be the point of intersection of the lines FE
and CZ. If the tangent to (c¢) at Z meets P A at T, prove that the points 7', £, B, Z are concyclic.

Proposed by Theoklitos Parayiou, Cyprus

2021 Let ABC beanacute scalene triangle with circumcenter O. Let D be the foot of the altitude from
Atotheside BC. Thelines BC and AO intersect at E. Let s be the line through E perpendicular
to AO. The line s intersects AB and AC at K and L, respectively. Denote by w the circumcircle
of triangle AK'L. Line AD intersects w again at X.

Prove that w and the circumcircles of triangles ABC and DE X have a common point.
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