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– Team Round

– p1. Find the smallest positive integer N such that N ! is a multiple of 102010.

p2.An equilateral triangle T is externally tangent to threemutually tangent unit circles, as shown
in the diagram. Find the area of T .

p3. The polynomial p(x) = x3 + ax2 + bx+ c has the property that the average of its roots, the
product of its roots, and the sum of its coefficients are all equal. If p(0) = 2, find b.

p4. A regular pentagon P = A1A2A3A4A5 and a square S = B1B2B3B4 are both inscribed in
the unit circle. For a given pentagon P and square S, let f(P, S) be the minimum length of the
minor arcs AiBj , for 1 ≤ i ≤ 5 and 1 ≤ j ≤ 4. Find the maximum of f(P, S) over all pairs of
shapes.

p5. Let a, b, cbe three three-digit perfect squares that together contain each nonzero digit exactly
once. Find the value of a+ b+ c.

p6. There is a big circle P of radius 2. Two smaller circlesQ and R are drawn tangent to the big
circle P and tangent to each other at the center of the big circle P . A fourth circle S is drawn
externally tangent to the smaller circlesQ andR and internally tangent to the big circleP . Finally,
a tiny fifth circle T is drawn externally tangent to the 3 smaller circlesQ,R, S. What is the radius
of the tiny circle T?

p7. Let P (x) = (1+x)(1+x2)(1+x4)(1+x8)(...). This infinite product converges when |x| < 1.
Find P

(
1

2010

)
.

p8. P (x) is a polynomial of degree four with integer coefficients that satisfies P (0) = 1 and
P (

√
2 +

√
3) = 0. Find P (5).

p9. Find all positive integers n ≥ 3 such that both roots of the equation

(n− 2)x2 + (2n2 − 13n+ 38)x+ 12n− 12 = 0
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are integers.

p10. Let a, b, c, d, e, f be positive integers (not necessarily distinct) such that

a4 + b4 + c4 + d4 + e4 = f4.

Find the largest positive integer n such that n is guaranteed to divide at least one of a, b, c, d, e, f .

PS. You should use hide for answers. Collected here (https://artofproblemsolving.com/
community/c5h2760506p24143309).

– Tiebreaker Round

– p1. Let the series an be defined as a1 = 1 and an =
∑n−1

i=1 aian−i for all positive integers n.
Evaluate

∑∞
i=1

(
1
4

)i
ai.

p2. a, b, c and d are distinct real numbers such that

a+
1

b
= b+

1

c
= c+

1

d
= d+

1

a
= x

Find —x—.

p3. Find all ordered tuples (w, x, y, z) of complex numbers satisfying

x+ y + z + xy + yz + zx+ xyz = −w

y + z + w + yz + zw + wy + yzw = −x

z + w + x+ zw + wx+ xz + zwx = −y

w + x+ y + wx+ xy + yw + wxy = −z

PS. You should use hide for answers. Collected here (https://artofproblemsolving.com/
community/c5h2760506p24143309).

– Individual Round

– p1. Ana, Bob, Cho, Dan, and Eve want to use a microwave. In order to be fair, they choose a
randomorder to heat their food in (all orders have equal probability). Ana’s food needs 5minutes
to cook, Bob’s food needs 7 minutes, Cho’s needs 1 minute, Dan’s needs 12 minutes, and Eve’s
needs 5 minutes. What is the expected number of minutes Bob has to wait for his food to be
done?

© 2023 AoPS Incorporated 2



AoPS Community 2010 Duke Math Meet

p2. ABC is an equilateral triangle.H lies in the interior of ABC , and pointsX , Y , Z lie on sides
AB,BC,CA, respectively, such that HX ⊥ AB, HY ⊥ BC , HZ ⊥ CA. Furthermore, HX = 2,
HY = 3, HZ = 4. Find the area of triangle ABC.

p3. Amy, Ben, and Chime play a dice game. They each take turns rolling a die such that the
first person to roll one of his favorite numbers wins. Amy’s favorite number is 1, Ben’s favorite
numbers are 2 and 3, and Chime’s are 4, 5, and 6. Amy rolls first, Ben rolls second, and Chime
rolls third. If no one has won after Chime’s turn, they repeat the sequence until someone has
won. What’s the probability that Chime wins the game?

p4. A point P is chosen randomly in the interior of a square ABCD. What is the probability that
the angle ∠APB is obtuse?

p5. LetABCD be the quadrilateral with verticesA = (3, 9),B = (1, 1),C = (5, 3), andD = (a, b),
all of which lie in the first quadrant. Let M be the midpoint of AB, N the midpoint of BC , O the
midpoint of CD, and P the midpoint of AD. If MNOP is a square, find (a, b).

p6. LetM be the number of positive perfect cubes that divide 6060. What is the prime factoriza-
tion of M?

p7. Given that x, y, and z are complex numbers with |x| = |y| = |z| = 1, x + y + z = 1 and
xyz = 1, find |(x+ 2)(y + 2)(z + 2)|.

p8. If f(x) is a polynomial of degree 2008 such that f(m) = 1
m form = 1, 2, ..., 2009, find f(2010).

p9. A drunkard is randomly walking through a city when he stumbles upon a 2 × 2 sliding tile
puzzle. The puzzle consists of a 2 × 2 grid filled with a blank square, as well as 3 square tiles,
labeled 1, 2, and 3. During each turn you may fill the empty square by sliding one of the adjacent
tiles into it. The following image shows the puzzle’s correct state, as well as two possiblemoves
you can make:
https://cdn.artofproblemsolving.com/attachments/c/6/7ddd9305885523deeee2a530dc90505875d1cc.

png

Assuming that the puzzle is initially in an incorrect (but solvable) state, and that the drunkard
will make completely random moves to try and solve it, how many moves is he expected to
make before he restores the puzzle to its correct state?

p10. How many polynomials p(x) exist such that the coeffients of p(x) are a rearrangement of
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{0, 1, 2, .., deg p(x)} and all of the roots of p(x) are rational? (Note that the leading coefficient of
p(x) must be nonzero.)

PS. You had better use hide for answers. Collected here (https://artofproblemsolving.com/
community/c5h2760506p24143309).

– Devil Round

– p1. Find all x such that (ln(x4))2 = (ln(x))6.

p2. On a piece of paper, Alan has written a number N between 0 and 2010, inclusive. Yiwen
attempts to guess it in the following manner: she can send Alan a positive number M , which
Alan will attempt to subtract from his own number, which we will call N . If M is less than or
equal N , then he will erase N and replace it with N − M . Otherwise, Alan will tell Yiwen that
M > N . What is the minimum number of attempts that Yiwen must make in order to determine
uniquely what number Alan started with?

p3. How many positive integers between 1 and 50 have at least 4 distinct positive integer divi-
sors? (Remember that both 1 and n are divisors of n.)

p4. Let Fn denote the nth Fibonacci number, with F0 = 0 and F1 = 1. Find the last digit of

97!+4∑
i=0

Fi.

p5. Find all prime numbers p such that 2p+ 1 is a perfect cube.

p6. What is the maximum number of knights that can be placed on a 9 × 9 chessboard such
that no two knights attack each other?

p7. S is a set of 9 consecutive positive integers such that the sum of the squares of the 5 small-
est integers in the set is the sum of the squares of the remaining 4. What is the sum of all 9
integers?

p8. In the following infinite array, each row is an arithmetic sequence, and each column is a
geometric sequence. Find the sum of the infinite sequence of entries along the main diagonal.
https://cdn.artofproblemsolving.com/attachments/5/1/481dd1e496fed6931ee2912775df630908c16e.

png
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p9. Let x > y > 0 be real numbers. Find the minimum value of x
y + 4x

x−y .

p10. A regular pentagon P = A1A2A3A4A5 and a square S = B1B2B3B4 are both inscribed in
the unit circle. For a given pentagon P and square S, let f(P, S) be the minimum length of the
minor arcs AiBj , for 1 ≤ i ≤ 5 and 1 ≤ j ≤ 4. Find the maximum of f(P, S) over all pairs of
shapes.

p11. Find the sum of the largest and smallest prime factors of 94 + 34 + 1.

p12. A transmitter is sending a message consisting of 4 binary digits (either ones or zeros)
to a receiver. Unfortunately, the transmitter makes errors: for each digit in the message, the
probability that the transmitter sends the correct digit to the receiver is only 80%. (Errors are
independent across all digits.) To avoid errors, the receiver only accepts a message if the sum
of the first three digits equals the last digit modulo 2. If the receiver accepts a message, what
is the probability that the message was correct?

p13. Find the integer N such that
8∏

i=0

sec
(π
9
2i
)
= N.

PS. You had better use hide for answers. Collected here (https://artofproblemsolving.com/
community/c5h2760506p24143309).
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