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- Algebra

1 If « and b are positive integers such that a? — b* = 2009, find a + b.

2 Let S be the sum of all the real coefficients of the expansion of (1 + ix)20%. What is log,(S)?
3 If tan 2 + tany = 4 and cot x + cot y = 5, compute tan(z + y).

4 Suppose q, b and ¢ are integers such that the greatest common divisor of z? 4+ ax + b and

x? 4 bx + cis = + 1 (in the set of polynomials in 2 with integer coefficients), and the least
common multiple of 2% + ax + band 2% + bx + c2® — 42®> + x + 6. Find a + b + c.

5 Let a, b, and c be the 3 roots of 23—z + 1 = 0. Find 15 + 5 + =7

6 Let > and y be positive real numbers and 6 an angle such that 6 # Zn for any integer n. Suppose

sinf@ cosf

Z Y

and

cos* 0 . sin* 6 _ 97sin 20
o i T By + i

Compute 7 + 4.

7 Simplify the product

100 100
anrm + $n+m+2 + x2n+1 4 m2m+1

H x2n + Qpn+m + m2m

m=1n=1

Express your answer in terms of z.

8 If a,b,z and y are real numbers such that az + by = 3, az? + by?> = 7, az® + bz® = 16, and
ar* 4 by* = 42, find ax® + by°.

9 Let f(z) = o* 4 1423 + 5222 + 562 4 16. Let 21, 29, 23, 24 be the four roots of f. Find the smallest
possible value of |z,2; + 2.24| Where {a,b, ¢, d} = {1, 2, 3,4}.
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10 Let f(z) = 223 — 2z. For what positive values of a do there exist distinct b, c,d such that

(a. f(a)), (5, F (1)), (e, F(c)). (d, f(d)) is a rectangle?

- Calculus

1 Let f be a diff erentiable real-valued function defi ned on the positive real numbers. The tangent
lines to the graph of f always meet the y-axis 1 unit lower than where they meet the function.
If £(1) =0, whatis f(2)?

2 The differentiable function F': R — R satisfies F'(0) = —1 and

%F(as) = sin(sin(sin(sin(x)))) - cos(sin(sin(z))) - cos(sin(x)) - cos(x).

Find F(x) as a function of z.

3 Compute e where A is defined as

/4/3 222 +z +1
ZX.
30 w3+a? +r+1

4 Let P be a fourth degree polynomial, with derivative P/, such that P(1) = P(3) = P(5) =
P'(7) = 0. Find the real number x # 1, 3,5 such that P(z) = 0.

5 Compute
sin(§ + 4h) — 4sin(§ + 3h) + 6sin(§ 4 2h) — 4sin(5 + h) +sin(%)
B0 h* '
6 Let po(x), p1(x), p2(z), ... be polynomials such that pg(z) = x and for all positive integers n,

dipn(x) = pn—1(z). Define the function p(z) : [0,00) — R by p(x) = p,(x) forall z € [n,n + 1).
i
Given that p(z) is continuous on [0, c0), compute

> pn(2009).
n=0

7 Aline in the plane is called strange if it passes through (a,0) and (0,10 — a) for some a in the
interval [0, 10]. A point in the plane is called charming if it lies in the first quadrant and also lies
below some strange line. What is the area of the set of all charming points?
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8 Compute
V3 2
/ 227 4 1 (:ch?x +1) dz.
1

9 Let R be the region in the plane bounded by the graphs of y = = and y = 2. Compute the

volume of the region formed by revolving R around the line y = z.
10 Let a and b be real numbers satisfying a > b > 0. Evaluate

2 1
—df.
/0 a+ beos(0)

Express your answer in terms of a and b.
- Combinatorics
1 How many ways can the integers from —7 to 7 inclusive be arranged in a sequence such that

the absolute value of the numbers in the sequence does not decrease?
2 Two jokers are added to a 52 card deck and the entire stack of 54 cards is shuffled randomly.

What is the expected number of cards that will be strictly between the two jokers?
3 How many rearrangements of the letters of "HMMTHM MT" do not contain the substring

"HMMT"? (For instance, one such arrangementis HMMHMTMT.)
4 How many functions f : f{1,2,3,4,5} — {1,2,3,4,5} satisfy f(f(z)) = f(x) forall x €

{1,2,3,4,5}?
5 Let s(n) denote the number of 1's in the binary representation of n. Compute

N Z 2 (—1)*),
255 0<n<16

6 How many sequences of 5 positive integers (a, b, ¢, d, e) satisfy abcde < a+b+c+d+e < 10?
7 Paulfillsin a7 x 7 grid with the numbers 1 through 49 in arandom arrangement. He then erases

his work and does the same thing again, to obtain two diff erent random arrangements of the
numbers in the grid. What is the expected number of pairs of numbers that occur in either the
same row as each other or the same column as each other in both of the two arrangements?
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There are 5 students on a team for a math competition. The math competition has 5 subject
tests. Each student on the team must choose 2 distinct tests, and each test must be taken by
exactly two people. In how many ways can this be done?

The squares of a 3 x 3 grid are filled with positive integers such that 1 is the label of the upper-
leftmost square, 2009 is the label of the lower-rightmost square, and the label of each square
divides the ne directly to the right of it and the one directly below it. How many such labelings
are possible?

10

Given a rearrangement of the numbers from 1 to n, each pair of consecutive elements a and
b of the sequence can be either increasing (if a < b) or decreasing (if b < a). How many
rearrangements of the numbers from 1 to n have exactly two increasing pairs of consecutive
elements? Express your answer in terms of n.

General Part 1

If « and b are positive integers such that a? — v* = 2009, find a + b.

ber having base-10 representationde f a b ¢, find N.

A rectangular piece of paper with side lengths 5 by 8 is folded along the dashed lines shown
below, so that the folded flaps just touch at the corners as shown by the dotted lines. Find the
area of the resulting trapezoid.

If tan 2 + tany = 4 and cot x + cot y = 5, compute tan(z + y).

Two jokers are added to a 52 card deck and the entire stack of 54 cards is shuffled randomly.
What is the expected number of cards that will be strictly between the two jokers?

The corner of a unit cube is chopped off such that the cut runs through the three vertices
adjacent to the vertex of the chosen corner. What is the height of the cube when the freshly-
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cut face is placed on a table?

7 Let s(n) denote the number of 1’s in the binary representation of n. Compute
1
— 27 (—1)*("),
w5 2 2D
0<n<16
3 —0 Fi 1 1 1
8 Let a, b, and c be the 3 roots of 2° — x + 1 = 0. Find 35 + 535 + o5

9 How many functions f : f{1,2,3,4,5} — {1,2,3,4,5} satisfy f(f(z)) = f(z) forall z €
{1,2,3,4,5}?

10 A kite is a quadrilateral whose diagonals are perpendicular. Let kite ABC'D be such that /B =
/D = 90°. Let M and N be the points of tangency of the incircle of ABCD to AB and BC
respectively. Let w be the circle centered at C' and tangent to AB and AD. Construct another
kite AB'C’ D’ that is similar to ABC'D and whose incircle is w. Let N’ be the point of tangency
of B'C'tow. If MN' || AC, then what is the ratio of AB : BC?

- General Part 2

- Geometry

1 A rectangular piece of paper with side lengths 5 by 8 is folded along the dashed lines shown
below, so that the folded flaps just touch at the corners as shown by the dotted lines. Find the
area of the resulting trapezoid.

2 The corner of a unit cube is chopped off such that the cut runs through the three vertices
adjacent to the vertex of the chosen corner. What is the height of the cube when the freshly-
cut face is placed on a table?
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Let T be aright triangle with sides having lengths 3, 4, and 5. A point P is called awesome if P
is the center of a parallelogram whose vertices all lie on the boundary of 7. What is the area
of the set of awesome points?

A kite is a quadrilateral whose diagonals are perpendicular. Let kite ABC' D be such that /B =
/D = 90°. Let M and N be the points of tangency of the incircle of ABCD to AB and BC
respectively. Let w be the circle centered at C' and tangent to AB and AD. Construct another
kite AB’C’ D’ that is similar to ABC' D and whose incircle is w. Let N’ be the point of tangency
of B'C'tow. If MN' || AC, then what is the ratio of AB : BC?

Circle B has radius 61/7. Circle A, centered at point C, has radius /7 and is contained in B.
Let L be the locus of centers C such that there exists a point D on the boundary of B with the
following property: if the tangents from D to circle A intersect circle B again at X and Y, then
XY is also tangent to A. Find the area contained by the boundary of L.

Let ABC be atriangle in the coordinate plane with vertices on lattice points and with AB = 1.
Suppose the perimeter of ABC'is less than 17. Find the largest possible value of 1/r, where r
is the inradius of ABC.

In triangle ABC, D is the midpoint of BC, E is the foot of the perpendicular from A to BC, and
F is the foot of the perpendicular from D to AC. Given that BE = 5, EC = 9, and the area of
triangle ABC'is 84, compute |EF)|.

Triangle ABC has side lengths AB = 231, BC = 160, and AC' = 281. Point D is constructed
on the opposite side of line AC as point B such that AD = 178 and C'D = 153. Compute the
distance from B to the midpoint of segment AD.

Let ABC be a triangle with AB = 16 and AC = 5. Suppose that the bisectors of angle ZABC
and ZBC A meet at a point P in the triangle’s interior. Given that AP = 4, compute BC.

10

Points A and B lie on circle w. Point P lies on the extension of segment AB past B. Line ¢
passes through P and is tangent to w. The tangents to w at points A and B intersect ¢ at
points D and C respectively. Given that AB =7, BC = 2,and AD = 3, compute BP.
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