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1 Points D and E are chosen on the sides AB and AC of the triangle ABC in such a way that if
F is the intersection point of BE and CD, then AE+EF = AD+DF . Prove that AC +CF =
AB +BF.

2 Let m be a positive integer and x0, y0 integers such that x0, y0 are relatively prime, y0 divides
x20 +m, and x0 divides y20 +m. Prove that there exist positive integers x and y such that x and
y are relatively prime, y divides x2 +m, x divides y2 +m, and x+ y ≤ m+ 1.

3 Let ABC be a triangle, O its circumcenter, S its centroid, and H its orthocenter. Denote by
A1, B1, and C1 the centers of the circles circumscribed about the triangles CHB,CHA, and
AHB, respectively. Prove that the triangle ABC is congruent to the triangle A1B1C1 and thatthe nine-point circle of4ABC is also the nine-point circle of4A1B1C1.

4 Let p, q, and r be the angles of a triangle, and let a = sin 2p, b = sin 2q, and c = sin 2r. If
s = (a+b+c)

2 , show that
s(s− a)(s− b)(s− c) ≥ 0.

When does equality hold?
5 Let I,H,O be the incenter, centroid, and circumcenter of the nonisosceles triangleABC. Provethat AI ‖ HO if and only if ∠BAC = 120◦.
6 Suppose that n numbers x1, x2, ..., xn are chosen randomly from the set {1, 2, 3, 4, 5}. Provethat the probability that x21 + x22 + · · ·+ x2n ≡ 0 (mod 5) is at least 1

5 .

7 Let X be a bounded, nonempty set of points in the Cartesian plane. Let f(X) be the set of allpoints that are at a distance of at most 1 from some point inX. Let fn(X) = f(f(· · · (f(X)) · · · ))(n times). Show that fn(X) becomes more circular as n gets larger.In other words, if rn = sup{radii of circles contained in fn(X)} andRn = inf{radii of circles containing fn(X)},then show that Rn/rn gets arbitrarily close to 1 as n becomes arbitrarily large.
I’m not sure that I’m posting this in a right forum. If it’s in a wrong forum, please mods moveit.

8 Given two positive real numbers a and b, suppose that a mapping f : R+ → R+ satisfies thefunctional equation
f(f(x)) + af(x) = b(a+ b)x.

Prove that there exists a unique solution of this equation.
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9 The diagonals of a quadrilateralABCD are perpendicular:AC ⊥ BD. Four squares,ABEF,BCGH,CDIJ,DAKL,are erected externally on its sides. The intersection points of the pairs of straight linesCL,DF ;DF,AH;AH,BJ ;BJ,CLare denoted by P1, Q1, R1, S1, respectively, and the intersection points of the pairs of straightlinesAI,BK;BK,CE;CE,DG;DG,AI are denoted by P2, Q2, R2, S2, respectively. Prove that

P1Q1R1S1 ∼= P2Q2R2S2.

10 Consider 9 points in space, no four of which are coplanar. Each pair of points is joined by anedge (that is, a line segment) and each edge is either colored blue or red or left uncolored. Findthe smallest value of n such that whenever exactly n edges are colored, the set of colorededges necessarily contains a triangle all of whose edges have the same color.
11 Let φ(n,m),m 6= 1, be the number of positive integers less than or equal to n that are coprimewith m. Clearly, φ(m,m) = φ(m), where φ(m) is Eulers phi function. Find all integers m thatsatisfy the following inequality:

φ(n,m)

n
≥ φ(m)

m

for every positive integer n.
12 Given a triangleABC such that the circumcenter is in the interior of the incircle, prove that thetriangle ABC is acute-angled.
13 LetABCD be a convex quadrilateral such thatAC = BD. Equilateral triangles are constructedon the sides of the quadrilateral. LetO1, O2, O3, O4 be the centers of the triangles constructedon AB,BC,CD,DA respectively. Show that O1O3 is perpendicular to O2O4.

14 Integers a1, a2, ..., an satisfy |ak| = 1 and
n∑
k=1

akak+1ak+2ak+3 = 2,

where an+j = aj . Prove that n 6= 1992.

15 Prove that there exist 78 lines in the plane such that they have exactly 1992 points of intersec-tion.
16 Find all triples (x, y, z) of integers such that

1

x2
+

2

y2
+

3

z2
=

2

3
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17 In the plane let C be a circle, L a line tangent to the circle C, and M a point on L. Find thelocus of all points P with the following property: there exists two points Q,R on L such that

M is the midpoint of QR and C is the inscribed circle of triangle PQR.
18 Fibonacci numbers are defined as follows: F0 = F1 = 1, Fn+2 = Fn+1 + Fn, n ≥ 0. Let an bethe number of words that consist of n letters 0 or 1 and contain no two letters 1 at distancetwo from each other. Express an in terms of Fibonacci numbers.
19 Denote by an the greatest number that is not divisible by 3 and that divides n. Consider thesequence s0 = 0, sn = a1 + a2 + · · · + an, n ∈ N. Denote by A(n) the number of all sums

sk (0 ≤ k ≤ 3n, k ∈ N0) that are divisible by 3. Prove the formula
A(n) = 3n−1 + 2 · 3(n/2)−1 cos

(nπ
6

)
, n ∈ N0.

20 Let X and Y be two sets of points in the plane and M be a set of segments connecting pointsfrom X and Y . Let k be a natural number. Prove that the segments from M can be paintedusing k colors in such a way that for any point x ∈ X ∪ Y and two colors α and β (α 6= β), thedifference between the number of α-colored segments and the number of β-colored segmentsoriginating in X is less than or equal to 1.
21 Prove that if x, y, z > 1 and 1

x + 1
y + 1

z = 2, then
√
x+ y + z ≥

√
x− 1 +

√
y − 1 +

√
z − 1.

22 For each positive integer n, S(n) is defined to be the greatest integer such that, for everypositive integer k ≤ S(n), n2 can be written as the sum of k positive squares.
a.) Prove that S(n) ≤ n2 − 14 for each n ≥ 4.
b.) Find an integer n such that S(n) = n2 − 14.
c.) Prove that there are infintely many integers n such that S(n) = n2 − 14.

23 An Egyptian number is a positive integer that can be expressed as a sum of positive integers,not necessarily distinct, such that the sum of their reciprocals is 1. For example, 32 = 2 + 3 +
9 + 18 is Egyptian because 1

2 + 1
3 + 1

9 + 1
18 = 1 . Prove that all integers greater than 23 are

Egyptian.
24 (a) Show that there exists exactly one function f : Q+ → Q+ satisfying the following condi-tions:

(i) if 0 < q < 1
2 , then f(q) = 1 + f

(
q

1−2q

)
;
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(ii) if 1 < q ≤ 2, then f(q) = 1 + f(q + 1);

(iii) f(q)f(1/q) = 1 for all q ∈ Q+.

(b) Find the smallest rational number q ∈ Q+ such that f(q) = 19
92 .

25 (a) Show that the set N of all positive integers can be partitioned into three disjoint subsets
A,B, and C satisfying the following conditions:

A2 = A,B2 = C,C2 = B,

AB = B,AC = C,BC = A,

where HK stands for {hk|h ∈ H, k ∈ K} for any two subsets H,K of N, and H2 denotes HH.
(b) Show that for every such partition of N, min{n ∈ N |n ∈ A and n + 1 ∈ A} is less than orequal to 77.

26 Let R denote the set of all real numbers. Find all functions f : R→ R such that
f
(
x2 + f(y)

)
= y + (f(x))2 for allx, y ∈ R.

27 Let ABC be an arbitrary scalene triangle. Define ∑ to be the set of all circles y that have thefollowing properties:
(i) y meets each side of ABC in two (possibly coincident) points;
(ii) if the points of intersection of y with the sides of the triangle are labeled by P,Q,R, S, T, U ,with the points occurring on the sides in orders B(B,P,Q,C),B(C,R, S,A),B(A, T, U,B), thenthe following relations of parallelism hold: TS ‖ BC;PU ‖ CA;RQ ‖ AB. (In the limitingcases, some of the conditions of parallelism will hold vacuously; e.g., if A lies on the circle y,then T , S both coincide with A and the relation TS ‖ BC holds vacuously.)
(a) Under what circumstances is∑ nonempty?
(b) Assuming that is nonempty, show how to construct the locus of centers of the circles inthe set∑.
(c) Given that the set∑has just one element, deduce the size of the largest angle of ABC.
(d) Show how to construct the circles in∑ that have, respectively, the largest and the smallestradii.

28 Two circles Ω1 and Ω2 are externally tangent to each other at a point I , and both of these cir-cles are tangent to a third circle Ω which encloses the two circles Ω1 and Ω2.The common tangent to the two circles Ω1 and Ω2 at the point I meets the circle Ω at a pointA.One common tangent to the circles Ω1 and Ω2 which doesn’t pass through I meets the circle
Ω at the points B and C such that the points A and I lie on the same side of the line BC.
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Prove that the point I is the incenter of triangle ABC.
Alternative formulation. Two circles touch externally at a point I. The two circles lie inside alarge circle and both touch it. The chord BC of the large circle touches both smaller circles(not at I). The common tangent to the two smaller circles at the point I meets the large circleat a point A, where the points A and I are on the same side of the chord BC. Show that thepoint I is the incenter of triangle ABC.

29 Show that in the plane there exists a convex polygon of 1992 sides satisfying the followingconditions:
(i) its side lengths are 1, 2, 3, . . . , 1992 in some order;
(ii) the polygon is circumscribable about a circle.
Alternative formulation: Does there exist a 1992-gon with side lengths 1, 2, 3, . . . , 1992 circum-scribed about a circle? Answer the same question for a 1990-gon.

30 Let Pn = (19 + 92)(192 + 922) · · · (19n + 92n) for each positive integer n. Determine, with proof,the least positive integer m, if it exists, for which Pm is divisible by 3333.

31 Let f(x) = x8 + 4x6 + 2x4 + 28x2 + 1. Let p > 3 be a prime and suppose there exists an integer
z such that p divides f(z). Prove that there exist integers z1, z2, . . . , z8 such that if

g(x) = (x− z1)(x− z2) · . . . · (x− z8),

then all coefficients of f(x)− g(x) are divisible by p.
32 Let Sn = {1, 2, · · · , n} and fn : Sn → Sn be defined inductively as follows: f1(1) = 1, fn(2j) =

j (j = 1, 2, · · · , [n/2]) and
-(i) if n = 2k (k ≥ 1), then fn(2j − 1) = fk(j) + k (j = 1, 2, · · · , k);

-(ii) if n = 2k + 1 (k ≥ 1), then fn(2k + 1) = k + fk+1(1), fn(2j − 1) = k + fk+1(j + 1) (j =
1, 2, · · · , k).

Prove that fn(x) = x if and only if x is an integer of the form
(2n+ 1)(2d − 1)

2d+1 − 1

for some positive integer d.
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33 Let a, b, c be positive real numbers and p, q, r complex numbers. Let S be the set of all solutions

(x, y, z) in C of the system of simultaneous equations
ax+ by + cz = p,

ax2 + by2 + cz2 = q,

ax3 + bx3 + cx3 = r.

Prove that S has at most six elements.
34 Let a, b, c be integers. Prove that there are integers p1, q1, r1, p2, q2, r2 such that

a = q1r2 − q2r1, b = r1p2 − r2p1, c = p1q2 − p2q1.

35 Let f(x) be a polynomial with rational coefficients and α be a real number such that
α3 − α = [f(α)]3 − f(α) = 331992.

Prove that for each n ≥ 1,
[fn(α)]3 − fn(α) = 331992,

where fn(x) = f(f(· · · f(x))), and n is a positive integer.
36 Find all rational solutions of

a2 + c2 + 17(b2 + d2) = 21,

ab+ cd = 2.

37 Let the circles C1, C2, and C3 be orthogonal to the circle C and intersect each other inside Cforming acute angles of measures A,B, and C. Show that A+B + C < π.

38 Let S be a finite set of points in three-dimensional space. Let Sx, Sy, Sz be the sets con-sisting of the orthogonal projections of the points of S onto the yz-plane, zx-plane, xy-plane,respectively. Prove that
|S|2 ≤ |Sx| · |Sy| · |Sz|,

where |A| denotes the number of elements in the finite set A.
Note: The orthogonal projection of a point onto a plane is the foot of the perpendicular fromthat point to the plane.
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39 Let n ≥ 2 be an integer. Find the minimum k for which there exists a partition of {1, 2, ..., k}into n subsets X1, X2, · · · , Xn such that the following condition holds:for any i, j, 1 ≤ i < j ≤ n, there exist xi ∈ X1, xj ∈ X2 such that |xi − xj | = 1.

40 The colonizers of a spherical planet have decided to build N towns, each having area 1/1000of the total area of the planet. They also decided that any two points belonging to differenttowns will have different latitude and different longitude. What is the maximal value of N?
41 Let S be a set of positive integers n1, n2, · · · , n6 and let n(f) denote the number n1nf(1) +

n2nf(2) + · · ·+ n6nf(6), where f is a permutation of {1, 2, ..., 6}. Let
Ω = {n(f)|f is a permutation of {1, 2, ..., 6}}

Give an example of positive integers n1, · · · , n6 such that Ω contains as many elements aspossible and determine the number of elements of Ω.
42 In a triangle ABC, let D and E be the intersections of the bisectors of ∠ABC and ∠ACB withthe sides AC,AB, respectively. Determine the angles ∠A,∠B,∠C if ∠BDE = 24◦, ∠CED =

18◦.

43 Find the number of positive integers n satisfying φ(n)|n such that
∞∑
m=1

([ n
m

]
−
[
n− 1

m

])
= 1992

What is the largest number among them? As usual, φ(n) is the number of positive integersless than or equal to n and relatively prime to n.
44 Prove that 5125−1

525−1 is a composite number.
45 Let n be a positive integer. Prove that the number of ways to express n as a sum of distinctpositive integers (up to order) and the number of ways to express n as a sum of odd positiveintegers (up to order) are the same.
46 Prove that the sequence 5, 12, 19, 26, 33, · · · contains no term of the form 2n − 1.

47 Evaluate ⌊
1992∏
n=1

3n+ 2

3n+ 1

⌋

48 Find all the functions f : R+ → R satisfying the identity
f(x)f(y) = yαf

(x
2

)
+ xβf

(y
2

)
∀x, y ∈ R+
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Where α, β are given real numbers.

49 Given real numbers xi (i = 1, 2, · · · , 4k + 2) such that
4k+2∑
i=1

(−1)i+1xixi+1 = 4m ( x1 = x4k+3 )

prove that it is possible to choose numbers xk1 , · · · , xk6 such that
6∑
i=1

(−1)ikiki+1 > m ( xk1 = xk7 )

50 Let N be a point inside the triangle ABC. Through the midpoints of the segments AN,BN ,and CN the lines parallel to the opposite sides of 4ABC are constructed. Let AN,BN , and
CN be the intersection points of these lines. IfN is the orthocenter of the triangleABC , provethat the nine-point circles of4ABC and4ANBNCN coincide.
Remark. The statement of the original problem was that the nine-point circles of the triangles
ANBNCN and AMBMCM coincide, where N and M are the orthocenter and the centroid of
ABC. This statement is false.

51 Let f, g and a be polynomials with real coefficients, f and g in one variable and a in two vari-ables. Suppose
f(x)− f(y) = a(x, y)(g(x)− g(y))∀x, y ∈ R

Prove that there exists a polynomial h with f(x) = h(g(x)) ∀x ∈ R.

52 Let n be an integer > 1. In a circular arrangement of n lamps L0, · · · , Ln−1, each one of whichcan be either ON or OFF, we start with the situation that all lamps are ON, and then carry out asequence of steps, Step0, Step1, · · · . If Lj−1 (j is taken mod n) is ON, then Stepj changes thestatus of Lj (it goes from ON to OFF or from OFF to ON) but does not change the status of anyof the other lamps. If Lj−1 is OFF, then Stepj does not change anything at all. Show that:
(a) There is a positive integer M(n) such that after M(n) steps all lamps are ON again.
(b) If n has the form 2k , then all lamps are ON after n2 − 1 steps.
(c) If n has the form 2k + 1, then all lamps are ON after n2 − n+ 1 steps.

53 Find all integers a, b, c with 1 < a < b < c such that
(a− 1)(b− 1)(c− 1)

is a divisor of abc− 1.
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54 Suppose that n > m ≥ 1 are integers such that the string of digits 143 occurs somewhere inthe decimal representation of the fraction m

n . Prove that n > 125.

55 For any positive integer x define g(x) as greatest odd divisor of x, and
f(x) =

{
x
2 + x

g(x) if x is even,
2

x+1
2 if x is odd.

Construct the sequence x1 = 1, xn+1 = f(xn). Show that the number 1992 appears in thissequence, determine the least n such that xn = 1992, and determine whether n is unique.
56 A directed graph (any two distinct vertices joined by at most one directed line) has the follow-ing property: If x, u, and v are three distinct vertices such that x → u and x → v, then u → wand v → w for some vertex w. Suppose that x → u → y → · · · → z is a path of length n, thatcannot be extended to the right (no arrow goes away from z). Prove that every path beginningat x arrives after n steps at z.
57 For positive numbers a, b, c define A = (a+b+c)

3 , G = 3
√
abc, H = 3

(a−1+b−1+c−1)
. Prove that

(
A

G

)3

≥ 1

4
+

3

4
· A
H
.

59 Let a regular 7-gon A0A1A2A3A4A5A6 be inscribed in a circle. Prove that for any two points
P,Q on the arc A0A6 the following equality holds:

6∑
i=0

(−1)iPAi =
6∑
i=0

(−1)iQAi.

60 Does there exist a set M with the following properties?
(i) The set M consists of 1992 natural numbers.
(ii) Every element in M and the sum of any number of elements have the form mk (m, k ∈
N, k ≥ 2).

61 There are a board with 2n·2n (= 4n2) squares and 4n2−1 cards numbered with different naturalnumbers. These cards are put one by one on each of the squares. One square is empty. We canmove a card to an empty square from one of the adjacent squares (two squares are adjacentif they have a common edge). Is it possible to exchange two cards on two adjacent squaresof a column (or a row) in a finite number of movements?
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62 Let c1, · · · , cn (n ≥ 2) be real numbers such that 0 ≤

∑
ci ≤ n. Prove that there exist integers

k1, · · · , kn such that∑ ki = 0 and 1− n ≤ ci + nki ≤ n for every i = 1, · · · , n.

63 Let a and b be integers. Prove that 2a2−1
b2+2

is not an integer.
64 For any positive integer n consider all representations n = a1 + · · ·+ak , where a1 > a2 > · · · >

ak > 0 are integers such that for all i ∈ {1, 2, · · · , k−1}, the number ai is divisible by ai+1. Findthe longest such representation of the number 1992.

65 If A,B,C , and D are four distinct points in space, prove that there is a plane P on which theorthogonal projections of A,B,C , and D form a parallelogram (possibly degenerate).
66 A circle of radius ρ is tangent to the sides AB and AC of the triangle ABC , and its center Kis at a distance p from BC.

(a) Prove that a(p− ρ) = 2s(r − ρ), where r is the inradius and 2s the perimeter of ABC.
(b) Prove that if the circle intersect BC at D and E, then

DE =
4
√
rr1(ρ− r)(r1 − ρ)

r1 − r

where r1 is the exradius corresponding to the vertex A.
67 In a triangle, a symmedian is a line through a vertex that is symmetric to the median withthe respect to the internal bisector (all relative to the same vertex). In the triangle ABC , themedian ma meets BC at A′ and the circumcircle again at A1. The symmedian sa meets BC at

M and the circumcircle again at A2. Given that the line A1A2 contains the circumcenter O ofthe triangle, prove that:
(a) AA′AM = b2+c2

2bc ;

(b) 1 + 4b2c2 = a2(b2 + c2)

68 Show that the numbers tan
(
rπ
15

), where r is a positive integer less than 15 and relatively primeto 15, satisfy
x8 − 92x6 + 134x4 − 28x2 + 1 = 0.

69 Let α(n) be the number of digits equal to one in the binary representation of a positive integer
n. Prove that:
(a) the inequality α(n)(n2) ≤ 1

2α(n)(α(n) + 1) holds;(b) the above inequality is an equality for infinitely many positive integers, and
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(c) there exists a sequence (ni)

∞
1 such that α(n2

i )
α(nigoes to zero as i goes to∞.

Alternative problem: Prove that there exists a sequence a sequence (ni)
∞
1 such that α(n2

i )
α(ni)

(d)∞;(e) an arbitrary real number γ ∈ (0, 1);(f) an arbitrary real number γ ≥ 0;
as i goes to∞.

70 Let two circles A and B with unequal radii r and R, respectively, be tangent internally at thepoint A0. If there exists a sequence of distinct circles (Cn) such that each circle is tangent toboth A and B, and each circle Cn+1 touches circle Cn at the point An, prove that
∞∑
n=1

|An+1An| <
4πRr

R+ r
.

71 Let P1(x, y) and P2(x, y) be two relatively prime polynomials with complex coefficients. Let
Q(x, y) and R(x, y) be polynomials with complex coefficients and each of degree not exceed-ing d. Prove that there exist two integers A1, A2 not simultaneously zero with |Ai| ≤ d+ 1 (i =
1, 2) and such that the polynomial A1P1(x, y) +A2P2(x, y) is coprime to Q(x, y) and R(x, y).

72 In a school six different courses are taught: mathematics, physics, biology, music, history,geography. The students were required to rank these courses according to their preferences,where equal preferences were allowed. It turned out that:
-(i) mathematics was ranked among the most preferred courses by all students;
-(ii) no student ranked music among the least preferred ones;
-(iii) all students preferred history to geography and physics to biology; and
-(iv) no two rankings were the same.
Find the greatest possible value for the number of students in this school.

73 Let {An|n = 1, 2, · · · } be a set of points in the plane such that for each n, the disk with center
An and radius 2n contains no other point Aj . For any given positive real numbers a < b and
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R, show that there is a subset G of the plane satisfying:
(i) the area of G is greater than or equal to R;
(ii) for each point P in G, a <∑∞n=1

1
|AnP | < b.

74 Let S = { πn

1992m |m,n ∈ Z}. Show that every real number x ≥ 0 is an accumulation point of S.
75 A sequence {an} of positive integers is defined by

an =

[
n+
√
n+

1

2

]
, ∀n ∈ N

Determine the positive integers that occur in the sequence.
76 Given any triangle ABC and any positive integer n, we say that n is a decomposable numberfor triangle ABC if there exists a decomposition of the triangle ABC into n subtriangles witheach subtriangle similar to 4ABC. Determine the positive integers that are decomposablenumbers for every triangle.
77 Show that if 994 integers are chosen from 1, 2, · · · , 1992 and one of the chosen integers is lessthan 64, then there exist two among the chosen integers such that one of them is a factor ofthe other.
78 Let Fn be the nth Fibonacci number, defined by F1 = F2 = 1 and Fn = Fn−1 + Fn−2 for n > 2.Let A0, A1, A2, · · · be a sequence of points on a circle of radius 1 such that the minor arc from

Ak−1 to Ak runs clockwise and such that
µ(Ak−1Ak) =

4F2k+1

F 2
2k+1 + 1

for k ≥ 1, where µ(XY ) denotes the radian measure of the arc XY in the clockwise direction.What is the limit of the radian measure of arc A0An as n approaches infinity?
79 Let bxc denote the greatest integer less than or equal to x. Pick any x1 in [0, 1) and define the

sequence x1, x2, x3, . . . by xn+1 = 0 if xn = 0 and xn+1 = 1
xn
−
⌊

1
xn

⌋ otherwise. Prove that
x1 + x2 + . . .+ xn <

F1

F2
+
F2

F3
+ . . .+

Fn
Fn+1

,

where F1 = F2 = 1 and Fn+2 = Fn+1 + Fn for n ≥ 1.

80 Given a graph with n vertices and a positive integer m that is less than n, prove that the graphcontains a set of m + 1 vertices in which the difference between the largest degree of anyvertex in the set and the smallest degree of any vertex in the set is at most m− 1.
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81 Suppose that points X,Y, Z are located on sides BC,CA, and AB, respectively, of triangle

ABC in such a way that triangle XY Z is similar to triangle ABC. Prove that the orthocenterof triangle XY Z is the circumcenter of triangle ABC.
82 Let f(x) = xm + a1x

m−1 + · · ·+ am−1x+ am and g(x) = xn + b1x
n−1 + · · ·+ bn−1x+ bn be twopolynomials with real coefficients such that for each real number x, f(x) is the square of aninteger if and only if so is g(x). Prove that if n + m > 0, then there exists a polynomial h(x)with real coefficients such that f(x) · g(x) = (h(x))2.

Remark. The original problem stated g(x) = xn + b1x
n−1 + · · ·+ bn−1 + bn, but I think the rightform of the problem is what I wrote.
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