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Day 1

1 Let {εn}∞n=1 be a sequence of positive reals with lim
n→+∞

εn = 0. Find
lim
n→∞

1

n

n∑
k=1

ln

(
k

n
+ εn

)

2 Let an be a sequence of reals. Suppose∑ an converges. Do these sums converge aswell?
(a) a1 + a2 + (a4 + a3) + (a8 + ...+ a5) + (a16 + ...+ a9) + ...

(b) a1 + a2 + (a3) + (a4) + (a5 + a7) + (a6 + a8) + (a9 + a11 + a13 + a15) + (a10 + a12 + a14 + a16) + (a17 + a19 + ...

3 Let A,B ∈ Rn×n with A2 +B2 = AB. Prove that if BA−AB is invertible then 3|n.
4 Let α be a real number, 1 < α < 2.

(a) Show that α can uniquely be represented as the infinte product
α =

(
1 +

1

n1

)(
1 +

1

n2

)
· · ·

with ni positive integers satisfying n2i ≤ ni+1.
(b) Show that α ∈ Q iff from some k onwards we have nk+1 = n2k.

5 For postive integer n consider the hyperplane
Rn

0 = x = (x1x2...xn) ∈ Rn :

n∑
i=1

xi = 0

and the lattice
Zn
0 = {y ∈ Rn

0 : (∀i : yi ∈ N)}

Define the quasi-norm in Rn by ‖x‖p = p

√
n∑

i=1
|xi|p if 0 < p <∞ and ‖x‖∞ = max

i
|xi|.
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(a) If x ∈ Rn

0 so that maxxi − minxi ≤ 1 then prove that ∀p ∈ [1,∞], ∀y ∈ Zn
0 we have

‖x‖p ≤ ‖x+ y‖p(b) Prove that for every p ∈]0, 1[, there exist n ∈ N, x ∈ Rn
0 , y ∈ Zn

0 with maxxi−minxi ≤ 1 and
‖x‖p > ‖x+ y‖p

6 Suppose F is a family of finite subsets of N and for any 2 sets A,B ∈ F we have A ∩B 6= Ø.
(a) Is it true that there is a finite subsetY ofN such that for anyA,B ∈ F we haveA∩B∩Y 6= Ø?(b) Is the above true if we assume that all members of F have the same size?

Day 2

1 Let f ∈ C3(R) nonnegative function with f(0) = f ′(0) = 0, f ′′(0) > 0. Define g(x) as follows:
{ g(x) = (

√
f(x)

f ′(x) )′ for x 6= 0

g(x) = 0 for x = 0

(a) Show that g is bounded in some neighbourhood of 0.(b) Is the above true for f ∈ C2(R)?
2 Let M ∈ GL2n(K), represented in block form as

M =

[
A B
C D

]
,M−1 =

[
E F
G H

]
Show that detM.detH = detA.

3 Show that∑∞n=1
(−1)n−1 sin(logn)

nα converges iff α > 0.
4 (a) Let f : Rn×n → Rbe a linear mapping. Prove that∃!C ∈ Rn×n such that f(A) = Tr(AC),∀A ∈

Rn×n.
(b) Suppose in addtion that ∀A,B ∈ Rn×n : f(AB) = f(BA). Prove that ∃λ ∈ R : f(A) =
λTr(A)

5 LetX be an arbitrary set and f a bijection fromX toX. Show that there exist bijections g, g′ :
X → X s.t. f = g ◦ g′, g ◦ g = g′ ◦ g′ = 1X .

6 Let f : [0, 1] → R continuous. We say that f crosses the axis at x if f(x) = 0 but ∃y, z ∈
[x− ε, x+ ε] : f(y) < 0 < f(z) for any ε.
(a) Give an example of a function that crosses the axis infinitely often.
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(b) Can a continuous function cross the axis uncountably often?
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