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Day 1

1 Let f : R — R be areal function. Prove or disprove each of the following statements.
(a) If f is continuous and range(f)=R then f is monotonic
(b) If f is monotonic and range(f)=R then f is continuous
(c) If fis monotonic and f is continuous then range(f)=R

2 Find the number of positive integers x satisfying the following two conditions:
1.2 < 102006
2. 22 — z is divisible by 10%0%6

3 Let A be an nxn matrix with integer entries and by, bs, ..., b, be integers satisfying detA = b, -
by - ... - by. Prove that there exist nxn-matrices By, Bo, ..., B, with integers entries such that
A=B1-By-...- By and detB; = b; foralli = 1,..., k.

4 Let f be a rational function (i.e. the quotient of two real polynomials) and suppose that f(n) is
an integer for infinitely many integers n. Prove that f is a polynomial.

5 Let a, b, ¢, d three strictly positive real numbers such that
A+ =d? e
a* + o'+t =dt + et
Compare
ad+v 43

with
d® + e,

6 Find all sequences ag, a1, ...,a, of real numbers such that a,, # 0, for which the following
statement is true:

If f:R — Ris an n times differentiable function
and zg < z1 < ... < z,, are real numbers such that
f(zo) = f(z1) =... = f(z,) = 0 then thereis h € (0, z,,) for which

aof(h) +arf'(R) + ...+ anf™ (h) = 0.
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Day 2

1 Let V be a convex polygon.
(a) Show that if V has 3k vertices, then V' can be triangulated such that each vertex is in an
odd number of triangles.
(b) Show that if the number of vertices is not divisible with 3, then V' can be triangulated such
that exactly 2 vertices have an even number of triangles.

2 Find all functions f : R — R such that for any a < b, f([a, b]) is an interval of length b — a
3 Compare tan(sin z) with sin(tan z), for z € |0, Z[.
4 Let vy be the zero ector and let vy, ..., v,41 € R™ such that the Euclidian norm |v; —v;| is rational

forall0 <i,7 <n -+ 1. Prove that vy, ..., v, are linearly dependent over the rationals.

5 Show that there are an infinity of integer numbers m, n, with ged(m, n) = 1 such that the equa-
tion (z +m)3 = nz has 3 different integer sollutions.

6 The scores of this problem were:
one time 17/20 (by the runner-up)
one time 4/20 (by Andrei Negut)
one time 1/20 (by the winner)
the rest had zero... just to give an idea of the difficulty.

Let A;, B;,S; (i = 1,2,3) be invertible real 2 x 2 matrices such that -not all 4; have a com-
mon real eigenvector,-A; = Si‘lBiSi fori =1,2,3,-A1A2A3 = B1 B> B3 = I. Prove that there is
an invertible 2 x 2 matrix S such that 4; = S~'B;S foralli = 1,2, 3.
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