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BMO TST
1 Suppose thatf : N → N is an increasing function such that f(f(n)) = 3n for all n. Find

f(1992).
2 For a positive integer a, define the sequence (xn) by x1 = x2 = 1 and xn+2 = (a4 + 4a2 +

2)xn+1 − xn − 2a2 , for n ≥ 1. Show that xn is a perfect square and that for n > 2 its square
root equals the first entry in the matrix

(
a2 + 1 a
a 1

)n−2

3 LetABCD be a tetrahedron;B′, C ′, D′ be the midpoints of the edgesAB,AC,AD;GA, GB, GC , GDbe the barycentres of the triangles BCD,ACD,ABD,ABC , and G be the barycentre of thetetrahedron. Show that A,G,GB, GC , GD are all on a sphere if and only if A,G,B′, C ′, D′ arealso on a sphere.
Dan Brnzei

4 Let x1, x2, ..., xn be real numbers with 1 ≥ x1 ≥ x2 ≥ ... ≥ xn ≥ 0 and x21 + x22 + ...+ x2n = 1.If [x1 + x2 + ...+ xn] = m, prove that x1 + x2 + ...+ xm ≥ 1.
IMO TST
Day 1
1 Let S > 1 be a real number. The Cartesian plane is partitioned into rectangles whose sides areparallel to the axes of the coordinate system. and whose vertices have integer coordinates.Prove that if the area of each triangle if at most S, then for any positive integer k there exist kvertices of these rectangles which lie on a line.

2 Let a1, a2, ..., ak be distinct positive integers such that the 2k sums k∑
i=1

εiai, εi ∈ {0, 1} are
distinct.
a) Show that 1

a1
+

1

a2
+ ...+

1

ak
≤ 2(1− 2−k);

b) Find the sequences (a1, a2, ..., ak) for which the equality holds.
erban Buzeeanu
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3 Let π be the set of points in a plane and f : π → π be a mapping such that the image of anytriangle (as its polygonal line) is a square. Show that f(π) is a square.
4 Let A be the set of all ordered sequences (a1, a2, ..., a11) of zeros and ones. The elements of Aare ordered as follows: The first element is (0, 0, ..., 0), and the n+1th is obtained from the nthby changing the first component from the right such that the newly obtained sequence wasnot obtained before. Find the 1992th term of the ordered set A
Day 2
5 Let O be the circumcenter of an acute triangle ABC. Suppose that the circumradius of the tri-angle isR = 2p, where p is a prime number. The linesAO,BO,CO meet the sidesBC,CA,ABat A1, B1, C1, respectively. Given that the lengths of OA1, OB1, OC1 are positive integers, findthe side lengths of the triangle.
6 Let m,n be positive integers and p be a prime number.Show that if 7m+p·2n

7m−p·2n is an integer, then it is a prime number.
7 Let (an)n≥1 and (bn)n≥1 be the sequence of positive integers defined by an+1 = nan + 1 and

bn+1 = nbn − 1 for n ≥ 1. Show that the two sequence cannot have infinitely many commonterms.
Laurentiu Panaitopol

8 Letm,n ≥ 2be integers. The sidesA00A0m andAnmAn0 of a convex quadrilateralA00A0mAnmAn0are divided into m equal segments by points A0j and Anj respectively (j = 1, ...,m − 1). Theother two sides are divided into n equal segments by points Ai0 and Aim (i = 1, ..., n − 1).Denote by Aij the intersection of lines A0jAnj and Ai0Aim, by Sij the area of quadrilateral
AijAi,j+1Ai+1,j+1Ai+1,j and byS the area of the big quadrilateral. Show thatSij+Sn−1−i,m−1−j =
2S
mn

Day 3
9 Let x, y be real numbers such that 1 ≤ x2 − xy + y2 ≤ 2. Show that:

a) 2

9
≤ x4 + y4 ≤ 8;

b) x2n + y2n ≥ 2

3n
, for all n ≥ 3.

Laureniu Panaitopol and Ioan Tomescu

10 In a tetrahedron V ABC , let I be the incenter and A′, B′, C ′ be arbitrary points on the edges
AV,BV,CV , and let Sa, Sb, Sc, Sv be the areas of triangles V BC, V AC, V AB,ABC , respec-tively. Show that points A′, B′, C ′, I are coplanar if and only if AA′

A′V Sa + BB′

B′V Sb +
CC′

C′V Sc = Sv
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11 In the Cartesian plane is given a polygon P whose vertices have integer coordinates and withsides parallel to the coordinate axes. Show that if the length of each edge of P is an oddinteger, then the surface of P cannot be partitioned into 2× 1 rectangles.
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