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Day 1 October 22nd
1 Determine the number of possible values for the determinant of A, given that A is a n × nmatrix with real entries such that A3 − A2 − 3A + 2I = 0, where I is the identity and 0 is theall-zero matrix.
2 Let f and g be two continuous, distinct functions from [0, 1]→ (0,+∞) such that∫ 1

0 f(x)dx =
∫ 1
0 g(x)dx

Let
yn =

∫ 1
0
fn+1(x)
gn(x) dx, for n ≥ 0, natural.

Prove that (yn) is an increasing and divergent sequence.
3 Let v1, v2, . . . , vn vectors in R2 such that |vi| ≤ 1 for 1 ≤ i ≤ n and∑n

i=1 vi = 0. Prove that there
exists a permutation σ of (1, 2, . . . , n) such that ∣∣∣∑k

j=1 vσ(j)

∣∣∣ ≤ √5 for every k, 1 ≤ k ≤ n.
Remark: If v = (x, y) ∈ R2, |v| =√x2 + y2.

Day 2 October 23rd
4 Let an+1 = an +

1
an2005 and a1 = 1. Show that∑∞n=1

1
nan

converge.
5 Prove that

∞∑
n=1

1

nn
=

∫ 1

0
x−x dx.

6 Prove that for any natural numbers 0 ≤ i1 < i2 < · · · < ik and 0 ≤ j1 < j2 < · · · < jk , thematrix A = (ars)1≤r,s≤k , ars = (ir+jsir

)
= (ir+js)!

ir! js!
(1 ≤ r, s ≤ k) is nonsingular.
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