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Day 1 Friday, November 24
1. 1. For each real number r between 0 and 1 we can represent r as an infinite decimal r =

0.r1r2r3 . . . with 0 ≤ ri ≤ 9. For example, 1
4 = 0.25000 . . . , 1

3 = 0.333 . . . and 1√
2
= 0.707106 . . . .

a) Show that we can choose two rational numbers p and q between 0 and 1 such that, fromtheir decimal representations p = 0.p1p2p3 . . . and q = 0.q1q2q3 . . . , it’s possible to constructan irrational number α = 0.a1a2a3 . . . such that, for each i = 1, 2, 3, . . . , we have ai = p1 or
a1 = qi.
b) Show that there’s a rational number s = 0.s1s2s3 . . . and an irrational numberβ = 0.b1b2b3 . . .such that, for all N ≥ 2017, the number of indexes 1 ≤ i ≤ N satisfying si 6= bi is less than orequal to N

2017 .
2. 2. Let n ≥ 3 be an integer. Prove that for all integers k, with 1 ≤ k ≤

(
n
2

), there exists a set Awith n distinct positive integer elements such that the set B = {gcd(x, y) : x, y ∈ A, x 6= y}(gotten from the greatest common divisor of all pairs of distinct elements from A) containsexactly k distinct elements.
3. 3. A quadrilateral ABCD has the incircle ω and is such that the semi-lines AB and DC in-tersect at point P and the semi-lines AD and BC intersect at point Q. The lines AC and PQintersect at pointR. Let T be the point of ω closest from linePQ. Prove that the lineRT passesthrough the incenter of triangle PQC.
Day 2 Saturday, November 25
4. 4. We see, in Figures 1 and 2, examples of lock screens from a cellphone that only works witha password that is not typed but drawn with straight line segments. Those segments forma polygonal line with vertices in a lattice. When drawing the pattern that corresponds to apassword, the finger can’t lose contact with the screen. Every polygonal line corresponds toa sequence of digits and this sequence is, in fact, the password. The tracing of the polygonalobeys the following rules:

i. The tracing starts at some of the detached points which correspond to the digits from 1 to 9(Figure 3).
ii. Each segment of the pattern must have as one of its extremes (on which we end the tracingof the segment) a point that has not been used yet.
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iii. If a segment connects two points and contains a third one (its middle point), then the cor-responding digit to this third point is included in the password. That does not happen if thispoint/digit has already been used.
iv. Every password has at least four digits.
Thus, every polygonal line is associated to a sequence of four or more digits, which appear inthe password in the same order that they are visited. In Figure 1, for instance, the password is218369, if the first point visited was 2. Notice how the segment connecting the points asso-ciated with 3 and 9 includes the points associated to digit 6. If the first visited point were the
9, then the password would be 963812. If the first visited point were the 6, then the passwordwould be 693812. In this case, the 6 would be skipped, because it can’t be repeated. On theother side, the polygonal line of Figure 2 is associated to a unique password.
Determine the smallest n(n ≥ 4) such that, given any subset of n digits from 1 to 9, it’s possibleto elaborate a password that involves exactly those digits in some order.

5. 5. In triangleABC , let rA be the line that passes through the midpoint ofBC and is perpendic-ular to the internal bisector of ∠BAC. Define rB and rC similarly. LetH and I be the orthocen-ter and incenter of ABC , respectively. Suppose that the three lines rA, rB , rC define a triangle.Prove that the circumcenter of this triangle is the midpoint of HI.
6. 6. Let a be a positive integer and p a prime divisor of a3 − 3a+ 1, with p 6= 3. Prove that p is ofthe form 9k + 1 or 9k − 1, where k is integer.
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