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– Algebra
1 Let f : R→ R be a bijective function. Does there always exist an infinite number of functions

g : R→ R such that f(g(x)) = g(f(x)) for all x ∈ R?
Proposed by Daniel Liu

2 Let a1, a2, . . . , am be a finite sequence of positive integers. Prove that there exist nonnegativeintegers b, c, and N such that ⌊
m∑
i=1

√
n+ ai

⌋
=

⌊√
bn+ c

⌋
holds for all integers n > N.

Proposed by Carl Schildkraut

3 Let a, b, c, x, y, z be positive reals such that 1
x + 1

y + 1
z = 1. Prove that

ax + by + cz ≥ 4abcxyz

(x+ y + z − 3)2
.

Proposed by Daniel Liu

4 Elmo calls a monic polynomial with real coefficients tasty if all of its coefficients are in therange [−1, 1]. A monic polynomialP with real coefficients and complex rootsχ1, · · · , χm (countedwith multiplicity) is given to Elmo, and he discovers that there does not exist a monic polyno-mialQwith real coefficients such thatPQ is tasty. Find all possible values of max (|χ1|, · · · , |χm|).
Proposed by Carl Schildkraut

– Combinatorics
1 Let n be a positive integer. There are 2018n + 1 cities in the Kingdom of Sellke Arabia. KingMark wants to build two-way roads that connect certain pairs of cities such that for each city

C and integer 1 ≤ i ≤ 2018, there are exactly n cities that are a distance i away from C. (The
distance between two cities is the least number of roads on any path between the two cities.)
For which n is it possible for Mark to achieve this?
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Proposed by Michael Ren

2 We say that a positive integer n is m-expressible if it is possible to get n from some m digitsand the six operations +,−,×,÷, exponentiation ∧, and concatenation ⊕. For example, 5625is 3-expressible (in two ways): both 5⊕ (5∧4) and (7⊕ 5)∧2 yield 5625.
Does there exist a positive integer N such that all positive integers with N digits are (N − 1)-expressible?
Proposed by Krit Boonsiriseth

3 A windmill is a closed line segment of unit length with a distinguished endpoint, the pivot. Let
S be a finite set of n points such that the distance between any two points of S is greater than
c. A configuration of n windmills is admissible if no two windmills intersect and each point of
S is used exactly once as a pivot.
An admissible configuration of windmills is initially given to Geoff in the plane. In one operationGeoff can rotate any windmill around its pivot, either clockwise or counterclockwise and by anyamount, as long as no two windmills intersect during the process. Show that Geoff can reachany other admissible configuration in finitely many operations, where
(i) c =

√
3,

(ii) c =
√

2.
Proposed by Michael Ren

– Geometry
1 Let ABC be an acute triangle with orthocenter H , and let P be a point on the nine-point circleof ABC. Lines BH,CH meet the opposite sides AC,AB at E,F , respectively. Suppose thatthe circumcircles (EHP ), (FHP ) intersect lines CH,BH a second time at Q,R, respectively.Show that as P varies along the nine-point circle of ABC , the line QR passes through a fixedpoint.

Proposed by Brandon Wang

2 Let ABC be a scalene triangle with orthocenter H and circumcenter O. Let P be the midpointofAH and let T be on lineBC with ∠TAO = 90◦. LetX be the foot of the altitude fromO ontoline PT . Prove that the midpoint of PX lies on the nine-point circle* of4ABC.
*The nine-point circle of4ABC is the unique circle passing through the following nine points:the midpoint of the sides, the feet of the altitudes, and the midpoints of AH , BH , and CH .
Proposed by Zack Chroman
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3 LetA be a point in the plane, and ` a line not passing throughA. Evan does not have a straight-edge, but instead has a special compass which has the ability to draw a circle through threedistinct noncollinear points. (The center of the circle is not marked in this process.) Addition-ally, Evan can mark the intersections between two objects drawn, and can mark an arbitrarypoint on a given object or on the plane.

(i) Can Evan construct* the reflection of A over `?
(ii) Can Evan construct the foot of the altitude from A to `?
*To construct a point, Evan must have an algorithm which marks the point in finitely manysteps.
Proposed by Zack Chroman

4 LetABCDEF be a hexagon inscribed in a circle Ω such that trianglesACE andBDF have thesame orthocenter. Suppose that segmentsBD andDF intersectCE atX and Y , respectively.Show that there is a point common to Ω, the circumcircle of DXY , and the line through Aperpendicular to CE.
Proposed by Michael Ren and Vincent Huang

5 Let scalene triangle ABC have altitudes AD,BE,CF and circumcenter O. The circumcirclesof 4ABC and 4ADO meet at P 6= A. The circumcircle of 4ABC meets lines PE at X 6= Pand PF at Y 6= P . Prove that XY ‖ BC.
Proposed by Daniel Hu

– Number Theory
1 Determine all nonempty finite sets of positive integers {a1, . . . , an} such that a1 · · · an divides

(x+ a1) · · · (x+ an) for every positive integer x.
Proposed by Ankan Bhattacharya

2 Call a number n good if it can be expressed as 2x + y2 for where x and y are nonnegativeintegers.(a) Prove that there exist infinitely many sets of 4 consecutive good numbers.(b) Find all sets of 5 consecutive good numbers.
Proposed by Michael Ma

3 Consider infinite sequences a1, a2, . . . of positive integers satisfying a1 = 1 and
an | ak + ak+1 + · · ·+ ak+n−1

for all positive integers k and n. For a given positive integer m, find the maximum possiblevalue of a2m.
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Proposed by Krit Boonsiriseth

4 Say a positive integer n > 1 is d-coverable if for each non-empty subset S ⊆ {0, 1, . . . , n −
1}, there exists a polynomial P with integer coefficients and degree at most d such that S isexactly the set of residues modulo n that P attains as it ranges over the integers. For each n,find the smallest d such that n is d-coverable, or prove no such d exists.
Proposed by Carl Schildkraut

© 2019 AoPS Incorporated 4
Art of Problem Solving is an ACS WASC Accredited School.


