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– Grade 9
1 Show that among the square roots of the first 2015 natural numbers, we cannot choose anarithmetic sequence composed of 45 elements.
2 A quadratic function has the property that for any interval of length 1, the length of its imageis at least 1.Show that for any interval of length 2, the length of its image is at least 4.
3 Let be a point P in the interior of a triangle ABC. The lines AP,BP,CP meet BC,AC, respec-tively, AB at A1, B1, respectively, C1. If

APBA1 +APCB1 +APAC1 =
1

2
AABC ,

show that P lies on a median of ABC.
A denotes area.

4 Let a, b, c, d ≥ 0 real numbers so that a+b+c+d = 1.Prove that√a+ (b−c)2
6 + (c−d)2

6 + (d−b)2
6 +√

b+
√
c+
√
d ≤ 2.

– Grade 10
1 Find all triplets (a, b, c)of nonzero complex numbers having the same absolute value and whichverify the equality:

a

b
+
b

c
+
c

a
= −1

2 Consider a natural number n for which it exist a natural number k and k distinct primes so that
n = p1 · p2 · · · pk.

a) Find the number of functions f : {1, 2, . . . , n} −→ {1, 2, . . . , n} that have the property that
f(1) · f(2) · · · f (n) divides n.
b) If n = 6, find the number of functions f : {1, 2, 3, 4, 5, 6} −→ {1, 2, 3, 4, 5, 6} that have theproperty that f(1) · f(2) · f(3) · f(4) · f(5) · f(6) divides 36.
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3 Find all functions f, g : Q −→ Q that verify the relations{

f(g(x) + g(y)) = f(g(x)) + y
g(f(x) + f(y)) = g(f(x)) + y

,

for all x, y ∈ Q.

4 Let be a finite set A of real numbers, and define the sets S± = {x± y|x, y ∈ A}.Show that |A| · |S−| ≤ |S+|2 .
– Grade 11
1 Find all differentiable functions f : R −→ R that verify the conditions: (i) ∀x ∈ Z f ′(x) = 0

(ii) ∀x ∈ R f ′(x) = 0 =⇒ f(x) = 0

2 Let be a 5× 5 complex matrix A whose trace is 0, and such that I5 −A is invertible.Prove that A5 6= I5.

3 Let be two nonnegative real numbers a, b with b > a, and a sequence (xn)n≥1 of real numbers
such that the sequence (x1+x2+···+xn

na

)
n≥1 is bounded.

Show that the sequence (x1 + x2

2b
+ x3

3b
+ · · ·+ xn

nb

)
n≥1 is convergent.

4 Let be three natural numbers k,m, n an m × n matrix A, an n × m matrix B, and k complexnumbers a0, a1, . . . , ak such that the following conditions hold.
(i) m ≥ n ≥ 2 (ii) a0Im + a1AB + a2(AB)2 + · · · + ak(AB)k = Om (iii) a0Im + a1BA +
a2(BA)

2 + · · ·+ ak(BA)
k 6= On

Prove that a0 = 0.

– Grade 12
1 Let be a ring that has the property that all its elements are the product of two idempotentelements of it. Show that:

a) 1 is the only unit of this ring.
b) this ring is Boolean.

2 Show that the set of all elements minus 0 of a finite division ring that has at least 4 elementscan be partitioned into two nonempty sets A,B having the property that∑
x∈A

x =
∏
y∈B

y.
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3 Let be the set C =

{
f : [0, 1] −→ R

∣∣∣∣∣∃f ′′
∣∣∣∣
[0,1]

∃x1, x2 ∈ [0, 1] x1 6= x2 ∧ (f (x1) = f (x2) = 0 ∨ f (x1) = f ′ (x1) = 0) ∧ f ′′ < 1

}
,

and f∗ ∈ C such that ∫ 1
0 |f

∗(x)| dx = supf∈C
∫ 1
0 |f(x)| dx.

Find ∫ 1
0 |f

∗(x)| dx and describe f∗.
4 Find all non-constant polynoms f ∈ Q[X] that don’t have any real roots in the interval [0, 1] andfor which there exists a function ξ : [0, 1] −→ Q[X]×Q[X], ξ(x) := (gx, hx) such that hx(x) 6= 0

and ∫ x
0

dt
f(t) =

gx(x)
hx(x)

, for all x ∈ [0, 1].

© 2019 AoPS Incorporated 3
Art of Problem Solving is an ACS WASC Accredited School.


